We present a new technique for a numerical analysis of the phase structure show evidence of a phase transition at zero temperature and particle density below half-filling. The binding energy of a pair of holes is calculated in the low temperature regime and the possibility for pairing is explored.
Introduction
For many years the Hubbard model, and other related systems with a finite density of electrons, has attracted much attention in the field of numerical simulations [1] , [2] . The main interest in these simulations arose from the suggested relation between the planar Hubbard model and high T c superconductivity (HTSC) [3] , [4] , [5] . Since the model is non-relativistic, its analysis avoids some of the problems associated with relativistic fermions, such as fermion doubling [2] . However, the inherent difficulties of simulating fermions at finite density remain: integration over the fermionic degrees of freedom leads to a non-positive integration measure in the path integrals.
This arises from the determinant of the fermion matrix being non-positive definite and any importance sampling based on a partition function proportional to this determinant loses its normal meaning.
In the Hubbard model, this problem manifests itself via the so-called sign problem of the partition function. The partition function of the half-filled Hubbard model (one electron per lattice site) is always positive, being a product of a determinant of a matrix and its hermitian conjugate. However, if one introduces a finite real chemical potential for the impurities (holes), then this positivity is lost, and configurations with real determinants, but with negative signs can occur. Unfortunately, the finite density of holes is the case of greatest physical interest, as the impurities play an essential role in the superconducting transition [6] .
In this paper we propose an analysis of the Hubbard model which treats the fermion dynamics in a rigorous manner. This method is similar to one applied to the chiral phase transition at finite density QCD, and is based on a study of the zeros of the grand canonical partition function in the complex fugacity (e βµ ) plane [7] , [8] . Here we simulate the configurations of the Hubbard-Stratonovich (HS) fields (given by Ising variables) at half-filling, as well as at finite doping fraction and expand the grand canonical partition function (GCPF) as a polynomial in e βµ (or equivalently in e βµ + e −βµ ) [3] .
The coefficients of this polynomial are averaged over an equilibrated ensemble of configurations. The distribution of the zeros of this polynomial in the neighbourhood of the physical region, µ real, can indicate a phase transition.
In particular, their scaling behaviour with respect to the lattice size can indicate if real zeros can occur in the infinite lattice limit. Such zeros would correspond to divergences within the theory at the corresponding values of the fugacity.
The simulation is performed on a 2D spatial square lattice with the third euclidean time dimension corresponding to the inverse temperature β. The updating procedure is the one described by White et al. [4] .
As we show below, the evaluation of the partition function as an explicit polynomial in the fugacity variable permits analysis of the superconducting properties of the model for various values of the hole density.
In Section 2 we describe the construction of the partition function of the Hubbard model as a polynomial in the fugacity variable. Section 3 summarizes the simulation procedure and the the measurements, and in Section 4 we present the preliminary numerical results for the critical value of the chemical potential.
Finite-temperature partition function
The original Hubbard hamiltonian is given by:
where the i, j denote the nearest neighbour spatial lattice sites, σ is the spin degree of freedom and n iσ is the electron number operator c † iσ c iσ . The constants t and U correspond to the hopping parameter and the on-site
Coulomb repulsion respectively. The chemical potential µ is introduced such that µ = 0 corresponds to half-filling.
The finite temperature grand canonical partition function (GCPF) is
given by:
where β is the inverse temperature.
The finite temperature is represented on the lattice by extending the spatial lattice in the imaginary-time direction and relating the inverse temperature β to the length of the time dimension n τ by β = n τ dt, where dt is the length of the time step. Following Hirsch [1] and White et al. [4] we rewrite the partition function as:
where K corresponds to the nearest neighbour hopping term in the Hubbard hamiltonian (1) and V to the onsite interaction including quartic products of fermion fields. This decomposition, based on the Trotter formula [9] , introduces a systematic error proportional to dt 2 . The quartic interaction can be rewritten in terms of Ising fields s i,l using the discrete HubbardStratonovich transformation [1] :
where i, l is the space-time index of a lattice site and the coupling λ is related to the original on-site repulsion constant by:
This linearization of the interaction enables one to integrate out the fermionic degrees of freedom and the resulting partition function is written as an ensemble average of a product of two determinants:
such that
where the matrices B ± l are defined as
with V ij = δ ij s i,l and K the matrix connecting nearest-neighbours sites with the hopping parameter t = 1. The matrices in (7) and (8) are of size (n x n y )× (n x n y ), corresponding to the spatial size of the lattice. However, det(M ± )
can be represented as a determinant of an (n x n y n τ ) square matrix of the form [2] :
a fact which is exploited below in the evaluation of the partition function Z.
The expectation value of a physical observable at chemical potential µ, < O > µ , is given by:
where the sum over the configurations of Ising fields is denoted by an integral Sincez(µ) is not positive definite for Re(µ) = 0 we weight the ensemble of configurations by the absolute value ofz(µ) at some µ = µ 0 . Thus
The partition function Z(µ) is given by
The normalization of the GCPF is irrelevant as can be seen from eq.(11).
The particle-hole transformation [1] , [10] 
is equivalent to the unitary transformation
which reverses the sign of the hopping term K. Hence on an even sized lattice the determinant of e dtK is 1. Applying this transformation to the statistical weight gives:
Equation (15) suggests two different ways of expansion of the partition function. The first one based oñ
and the second on:
where the λ i are the eigenvalues of the matrix P − | µ=0
. Note that the expansion coefficients b n are the canonical partition functions of the n-electron excitations above half-filling, (with n < 0 corresponding to holes). We note here that eqns. (16), (17) follow from the fact that the eigenvalues of P
are either real or appear in complex conjugate pairs. The coefficients of the characteristic polynomials, namely {a n } and {b n }, are obtained from (16), (17) by the recursion procedure described in [11] . The sign problem manifests itself in the fluctuating signs of these coefficients from configuration to configuration of equilibrated Ising fields. The expansion coefficients for a grand canonical partition function (GCPF) are then obtained by averaging the coefficients of each of these polynomials over the ensemble of configurations. A similar procedure has been applied in the study of the chiral phase transition in finite density lattice QCD and in the evaluation of the critical mass in lattice QCD [11] .
At µ 0 = 0 (and at any imaginary chemical potential [3] )z(µ 0 ) is clearly positive. With alternative choice of the updating µ 0 the GCPF, Z(µ 0 ), is equal to the average sign of the weight functionz(µ 0 ) [12] , [13] . We have performed calculations using updating at half-filling and at µ 0 = 0. The latter choice of the updating chemical potential is important for simulations performed at low temperatures. We will show below that it provides results consistent with the half-filling updating at relatively high temperatures (β ≤ 5.) while at higher values of β it provides better numerical stability in obtaining the expansion coefficients of the GCPF, corresponding to the finite hole occupation.
As the temperature is lowered the bounds on the eigenvalues of the matrix
, which are found via the Lanczos algorithm, become very large. Simulating configurations at β = 10., dt = 0.125 we need to handle a lattice with n τ = 80. For this set of parameters we find that the eigenvalues vary between 10 23 and 10 −23 on a 10 2 lattice which damages severely the efficiency and the accuracy of the whole calculation. However, the characteristic polynomial can be also obtained from the determinant of the the (n τ n x n y ) × (n τ n x n y ) matrix I + A ± given in (9), using the eigenvalues of A The variation in these eigenvalues is significantly smaller, but the matrix to be diagonalized is n 2 τ times bigger, leading to a more time consuming diagonalization procedure.
The method used in our calculations consists of representing the determinant of (9) as
with
where the matrix A is of the size (n x n y ratio n τ /n t we succeed to obtain the eigenvalues of A with the required precision and then taking the n τ /n t power of them we obtain the {λ i } and evaluate the expansions (16) and (17) . Note that since the coefficients of the characteristic polynomials for (16) and (17) 
Simulations and measurements
The simulation procedure is based on the algorithm described by White et al. [4] . We use Metropolis algorithm for updating the configurations of Ising variables. Here we describe the procedure for the half-filling updating. (For clarity, we omit the spin labels in the following.) The generalization for the finite µ 0 updating is straightforward.
The simulation starts from an arbitrary configuration for which we cal-culate the equal-time Green's function on a time slice l G(l) = (I + P (l)) −1 (20) where P (l) is a time ordered product of the form
To reduce the numerical errors in the evaluation of these products we apply the modified Gram-Schmidt (MGS) decomposition as proposed by White et al. [4] . Decomposing the products of each four matrices in (21) into a product of an orthogonal matrix, a diagonal one and an upper-triangular matrix whose diagonal elements equal to one enables us to deal with large variations in the matrix elements. The inversion of the (I + P (l)) appearing in the r.h.s. of (20) is also simplified by the MGS procedure. Once the equaltime propagator is evaluated on a time-slice l we flip one of the spins s i,l and and accept the new configuration with respect to the ratio of the new and old statistical weights, defined as:
where δ(s i,l ) is the difference in the potential term due to the flipped spin.
This ratio is determined by the value of the equal-time Green's function (by its diagonal term corresponding to the flipped spin) and by a matrix ∆ with only one nonzero element:
If the new configuration is accepted we calculate the new Green's function G(l) ′ corresponding to this configuration using:
The nonlocal impact of the updated configuration is represented in the new
Green's function by eq. (24).
When the updating of the Ising fields on the l-th time-slice is completed we move to the next time slice using the relation:
Following the suggestion of [4] , we evaluated the Green's function from scratch every four time steps. This procedure is very time consuming, but is required in order that the numerical errors accumulated using eq.(26) are kept under control. Since the hopping term in the Hamiltonian is constant, the construction of the Green's function from scratch reduces to a redefinition of the interaction matrix e dtV on each time-slice due to the updated Ising fields. The computational effort involved in this procedure is minor as V is a diagonal matrix and its exponentiation is fast. The hopping part is exponentiated only once at the start of the simulation procedure. Instead of using the checkerboard decomposition suggested by White et al. we expanded e −dtK taking advantage of its sparseness. Since this expansion is performed only once it can be done up to an arbitrary high order. We checked that taking a 10-th order expansion provided us with sufficiently high precision for the parameters used in the simulations described below.
Results and conclusions
The expansion coefficients of the GCPF as a polynomial in the fugacity vari- The number of configurations required to get sufficiently low errors in the expansion coefficients is, in general, greater than 2000 and increases with β.
The particle-hole symmetry is manifested via the equality between the coefficients of e µnβ and e −µnβ . This symmetry follows directly from eqs. (16, 17) .
The z n =< b n > coefficient corresponds to the contribution of the n-hole state to the GCPF (canonical parition functions) [3] and z 0 is the canonical partition function for the half-filled state. The latter is obtained with low error after a small number of measurements. The higher order coefficients require averaging over a larger number of configurations. For β ≤ 5 all the 2(n x n y ) 2 + 1 averaged coefficients were found to be positive. In Table 1 and Fig.1 we present the expansion coefficients based on eq. Figs.2 and 3 show the hole density and the susceptibility respectively, as a function of the chemical potential. In these exploratory simulations, the coefficients corresponding to high occupation number are determined with large errors. However,the peak in the susceptibility at µ ≈ 1.0 is due to the low occupation levels which are determined with small errors. The structures at µ > 1.2 do depend on the levels with large errors and require further investigation. As the temperature decreases the peak in the susceptibility sharpens significantly in the region 0.75 < µ < 1.25, especially for β > 5.0.
At that β the susceptibility does seem to signal some change in behaviour.
This could be associated with the onset of a phase transition related to the occupation of holes. We explore this possibility further by analyzing the zeros of the GCPF in the complex fugacity plane.
We do this by finding the zeros of the averaged polynomial eq. (16) . Since the large n coefficients are evaluated with relatively low precision we checked the stability of the small zeros under truncation of the polynomial to n = 4. Table 2 gives the two smallest zeros for various values of the inverse temperature. In Fig.4 we plot these zeros of the partition function in the first quadrant of the complex µ plane. The zeros have the symmetries that if µ is a zero, so also is −µ and their complex conjugates.
To a very good approximation, the imaginary part of these zeros of the partition function scales as 
This qualitative distinction between the high and low temperature regimes arises from a clear difference in the relative contributions of the finite particle number states to the grand canonical partition function (see Table 1 Carlo technique [17] , [18] . Their results show some evidence for HTSC. We note that the analysis described in our work can also be applied to the extended Hubbard model including effective interlayer interactions.
Finally, following the suggestion of Dagotto et al. [3] we calculate the binding energy of holes. The energy gap between the two and one-hole ground states, E 2 − E 1 , is given by the slope of the linear fit to the ratio log respectively. The binding energy of holes is given by the difference
Thus the first fit yields positive binding energy with no pair creation expected while the latter suggsts a binding energy of −0.1. Since this derivation of the energy gaps is valid only in the low temperature regime, which is distinct from the high temperature one, the second fit seems to be more appropriate.
We note that we have not included the spin wave contribution to the ratio of the canonical partition functions z 1 and z 0 [3] , since at low temperature, the spin wave contribution should become small. The result of our low temperature fit is close to that obtained by Dagotto et al.
However, their fit included lower β data thus requiring a spin wave contribution. Inclusion of a spin wave contribution to our canonical partition function at half-filling would raise the estimate of the one-hole ground state energy even higher, thus increasing the binding energy.
We conclude with suggested extensions of the above method. The predicted zero temperature phase transition can be confirmed by a lower temperature study. With this in mind, simulations at β = 12 (n τ = 160) are under current investigation. A study of the finite size effects, in particular, the scaling properties of Im(µ c ) as a function of the volume is also necessary.
It is also important to perform longer simulations in order that the analysis can be extended to larger values of the chemical potential. One can also generalize the method described above to derive polynomial expansions in the fugacity variable for other physical observables and thus extend the study of the nature of the phase transition and of its possible relevance to high T c superconductivity. This study would involve examining the persistence of Table Captions 1. Table 1 Expansion coefficients of the GCPF for β between 0.3 and 2.5.
z 0 corresponds to the half-filling and z n to the n−hole coefficients.
2. Table 2 Smallest zeros of the GCPF in the complex µ plane for β between 2.5 and 7.5 . The zeros are obtained from the full polynomial and the truncated one (up to 4-hole coefficient), to check the numerical stability of the results.
